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Introduction
The contact between a tyre and a road is mainly modeled in the frame of the elastic theory. Generally, the viscoelastic effects have not been taken into account for computing the pressure distribution. But in fact the dynamic modulus of rubber is frequency dependent and the viscoelastic part can be more important than the elastic modulus. So the aim of our work is to propose a new numerical method for problems of multi-indentation on a viscoelastic halfspace with asperities of arbitrary shapes for an increasing and then decreasing 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 vertical loading.
In the past, Boussinesq [2] , using the potential theory, investigated the normal contact between a perfectly rigid indenter and a plane elastic half-space. In the case of two elastic bodies with smooth and quadratic contacting surfaces, Hertz [3, 4] also gave an analytical solution of the contact problem. Numerous analytical or semi-analytical solutions were then derived from Boussinesq's theory for a rigid indenter of arbitrary shape on an elastic half-space, especially in axisymmetric contact cases by Sneddon [5] . In the paper by Vilke [6] an invariant form for the force function which depends on the geometric properties of an intersection for the undeformed rigid bodies is proposed. This expression is supposed to hold in cases when the classic contact theory hypotheses fail.
The problem of a rigid indenter pressed into contact with a viscoelastic solid was also investigated by many authors. For finding the stresses and deformations in cases where the corresponding solution for an elastic material is known one can use a suggestion by Radok [7] , which consists in replacing the elastic constant in the elastic solution by the corresponding integral operator from the viscoelastic stress-strain relations. This approach can be applied to the contact problem if the contact area is increasing and can not be used if the contact area decreases. This complication has been studied by Ting [8] for a rigid axisymmetric indenter. Recently Vandamme and Ulm [9] show that for conical indenters the suggestion of Radok remains valid at the very beginning of the unloading phase as well.
Analytical, numerical and experimental studies have been made in case of spherical, conical and pyramid indenters. Ball (Brinell) and flat (Boussinesq) punch indentation was analysed in the work of Larsson and Carlsson [10] , the spherical-tip indenter.
The contact problem when the number of indenters is large, was also investigated by many authors. Greenwood and Williamson [17] proposed a statistical method for contacts between rough surfaces. Asperities were approached by independent spheres from the statistical properties of the surfaces and the
Hertz
′ s theory was used. Such methods don't take into account the interaction between asperities. McCool [18] has made numerical comparisons between the Greenwood-Williamson elastic model and two more general isotropic and anisotropic models. In the work by Carbone and Bottiglione [19] a critical analysis of the principal contact theories (based on the idea of Greenwood and Williamson) of rough surfaces was made. In the paper by Kucharski et al.
[20] the elastoplastic asperity-based model for the contact of rough surfaces is presented. This model adopts most of the basic asperity-based assumptions, introducing a more realistic elastoplastic deformation law for the analysis of individual asperity deformations. The paper by Adams and Nosonovsky [21] reviews contact modeling with an emphasis on the contact forces and their relationship to the geometrical, material and mechanical properties of the contacting bodies. The paper by Cesbron et al. [22] deals with the experimental study of dynamical tyre/road contact for noise prediction. The measurements of contact forces were carried out for a slick tyre rolling on six different road surfaces between 30 and 50 km/h. The contact areas obtained during rolling were smaller than in static conditions, that is mainly explained by the dynamical properties of tyre compounds, like the viscoelastic behaviour of the rubber. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 One can also note the works by Kragelsky and Demkin [23] , O'Callaghan and Cameron [24] , Bush et al. [25] .
For the analysis of the contact between rough surfaces the iterative approach was also used in the literature ( Singh and Paul [26] , Webster and Sayles [27] , Ju and Zheng [28] and Chang and Gao [29] ). These methods can become time-consuming when the number of unknowns increases. A numerical approach was presented in the paper by Nayak and Johnson [30] for calculating the pressure distribution and the contact area shape between two elastic bodies of arbitrary profile. Nowell and Hills [31] propose another method for solving multi-contact problems for normal pressure which was extended later to shearing forces by Ciavarella et al. [32] . In this approach any individual asperity contact produces a constant normal displacement at the other asperity sites. This hypothesis is correct if the asperities are not close. The paper by Karpenko and Akay [33] describes a computational method to calculate the friction force between two rough surfaces, which shows how friction changes with surface roughness. The analysis of real surface contacts and pressure distributions in sliding wear was also made in the article by Liu et al. [34] .
Stanley and Kato [35] used yet another numerical method based on a Fast
Fourier Transform (FFT) from spatial domain to wavelength domain of the contacting surfaces. This procedure may be used even for contact problems with a large number of asperities and it is limited for finding the contact solution at large wavelengths due to an aliasing introduced by the FFT.
The Matrix Inversion Method (MIM) (Kalker [36] ) is described in the book of Johnson [37] . In the MIM the boundary conditions are satisfied exactly at specified "matching points" (the mid-points of the boundary elements). The MIM is used in the work of Cesbron et al. [38] for the analysis of the elas-tic tyre-road contact. In this method, called the Two-scale Iterative Method (TIM), one proceeds successively at two scales. At the macro-scale, the forces on each indenter are computed from an approximate relation between the normal contact force and the relative displacement of the tip of each indenter.
The approximate relation takes into account the interacting effect between the indenters. At the micro-scale the Local Matrix Inversion Method (LMIM) is used to compute the pressure distribution on each contact area by an iterative scheme.
In the paper of Kozhevnikov et al. [1] a new algorithm for computing the indentation of a rigid body of arbitrary shape on a viscoelastic half-space was proposed. In this method the MIM was extended to viscoelastic problems. It can be validated by comparing the numerical results to the analytic solutions in cases of a spherical asperity (loading and unloading) and a conical asperity (loading only). Finally, the method was implemented for a finite cylindrical shape with its curved face indenting the surface of the half-space. But when the problem involves a large number of points the MIM can become very time-consuming.
In this paper the problem is solved using the TIM. In this method the LMIM is used at the micro-scale for each contact area to compute the pressure distribution taking into account interacting effects (the forces on the other contact areas which can be calculated at the macro-scale) between indenters.
The paper is structured as follows. The indentation by a rigid indenter of arbitrary shape will be considered first. Then the discretization of the contact problem will be made and two algorithms will be proposed. Next it will be possible to solve the general contact problem by the TIM. The general methodology will be applied to the simple configuration of seven spherical
indenters, seven spherical-ended cylindrical indenters, seven flat-ended cylindrical indenters and to the more complex configuration of twelve randomly positioned indenters of arbitrary shapes: spherical-ended cylindrical, flat-ended cylindrical, conical and cylindrical indenters. The results will be discussed before concluding remarks.
Algorithm for viscoelastic contacts
We consider a rigid indenter of arbitrary shape z(x, y) being pressed into contact with a viscoelastic solid. Under the action of a normal force the penetration of the indenter δ(t) and the contact areas will both grow with time and the distribution of contact pressure p(x, y, t) will change. We wish to find the relations which link the pressure distribution, the resultant force F (t) on the indenter and the penetration on the assumption that the surfaces are frictionless. Using Cartesian coordinates, the surface of the viscoelastic half-space before loading corresponds to the (x, y) plane, as illustrated in Fig. 1 . The boundary conditions (z = 0) of our problem are given by
where u z (x, y, t) is the normal component of the displacement of the point on the surface of the half-space, σ ij is the stress tensor, Ω(t) = Ω r (t) is the current contact area, M is the maximum number of contact areas (some Ω r (t) may be empty). The Boussinesq ′ s problem [2] , involving the normal displacement of the point (x, y) on the surface of the half-space, due to the normal load, for the elastic case may be written as:
where µ e is the elastic shear modulus, ν is the Poisson's ratio which has been taken as a constant. The analogue problem for the viscoelastic case [1] with the boundary condition may be written as:
where
r is the maximum contact area. This domain is larger than the current contact area Ω(t) at each time step. Then the pressures in Ω m are positive or null depending on whether the points are in contact or not at the considered time step. This problem may be solved numerically by using the Matrix Inversion Method (MIM), extended to viscoelastic cases [1] . But when the problem involves a large number of points the MIM can become very timeconsuming. Here the problem is solved using an alternative scheme, called the Two-scale Iterative Method (TIM), extended to viscoelastic cases. The normal component of the displacement u z (x, y, t)| (x,y)∈Ωr(t) has two components: v r , which corresponds to the normal displacement of the point (x, y) of the halfspace on the r th asperity because of the pressure in the r th asperity and w r , which corresponds to the normal displacement of the point (x, y) of the half- space on the r th asperity because of the pressures in the others asperities:
Now our problem may be represented as follows:
The total force at point r is given by:
Now the distribution of pressure for points different of r is replaced by the concentrated normal forces. This is an approximation of our problem, which allows to accelerate the calculation. This yields: where (X r , Y r ) are the coordinates of the tip of the r th asperity,
In this case the problem may be represented as follows:
A surface of the half-space of size L x × L y was meshed using N = n x n y rectangular elements of dimensions dx =
Lx nx
and dy = Ly ny with centres in (x i , y i ) and with uniform pressures acting on each of them (Fig. 2) . The time discretization is τ = n τ dτ .
Algorithm 1
We will discretize the equations (5) and (6) in the form:
and n r = n r (t) is the number of contact elements for the r th asperity for the time t. The influence coefficient T ij , which expresses the displacement at a general point i due to a unit pressure element centred at point j, was calculated using Love's 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 results [39] for a rectangular surface acting on an elastic half-space
Then the first equation of the system (9) is written in the form:
Then an iterative scheme for each moment of time l is used for the calculation of normal contact pressure on each asperity. The first iteration:
Now it is possible to determine p l Ij , j = 1, n r , r = 1, M for a given history of loadings using the MIM which was programmed following the algorithm described in [37] . According to this algorithm, after solving the first equation
of (12), some values of p l Ij may be negative and for the next iteration of MIM these mesh points are excluded from the assumed contact area and the pressure 1there is taken to be zero. The second iteration of our iterative scheme:
Now it is possible to determine p l IIj , j = 1, n r , r = 1, M. The iterative scheme is stopped when the following convergence criteria is respected:
The convergence parameter ε is chosen by the operator and fixes the precision of the method. Then using the second equation of the system (9) it is possible to determine F l r .
Here it is necessary to take note of a correct comparison of p Remark. The problem of multi-indentation on a viscoelastic half-space by an asperity of arbitrary shape may be solved using MIM which was extended to 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the viscoelastic problem in [1] :
n r is the number of contact elements for the time t for all indenters. But when the problem involves a large number of points the MIM can become very time-consuming.
Algorithm 2
We will represent the system (8) in the form:
Then the system (16) is written as follows:
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Now it is possible to determine p l Ij , j = 1, n r , r = 1, M for a given history of loadings. Then using the second equation of the system (18) it is possible to determine F l Ir . The second iteration of our iterative scheme:
Now it is possible to determine p l IIj , F l IIr , j = 1, n r , r = 1, M. The iterative scheme is stopped when the convergence criteria (14) is respected.
Numerical examples
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In the following examples the stress history is represented in the form of a Prony's series:
where τ c is the characteristic time, E 0 is the instantaneous Young's modulus, E ∞ is the statical Young's modulus, ε 0 is the instantaneous strain. Then the creep and the relaxation functions may be written as follows:
Now for the numerical calculations we take the following parameter values 
The indentation of a viscoelastic half-space by seven rigid spherical indenters
This configuration is composed of seven rigid spherical indenters of the type shown in Fig. 3 (a) . The indenters are identical with radius R = 5 mm. Fig.   4 shows the upper view of this configuration with L x = L y = 30 mm. The 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 coordinates of their tips are:
x 5 = 0, y 5 = −2R,
A comparison between the contact forces obtained with Algorithm 2 for a central and a peripheral indenters with n τ = 401, n x = n y = 91 and the convergence parameter ε = 0.1 (which is chosen and will not be changed)
is made in Fig. 5 (a) . The difference between the two curves is large. The reason is the influence of the peripheral indenters on the central indenter. In Fig. 6 the dependence of forces versus the penetration is illustrated. As previously, the difference between the two curves is large. Also here hysteresis is observed in the force-penetration curve as viscoelastic substance loses energy 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 when a load is increasing, then decreasing.
The distribution of the pressure p(x, y, t) and the pressure p(0, y, t) for t = 2. Thus, the interaction between the indenters is well taken into account by the TIM. The FEM leads to much larger errors which are more than 12 % for the peripheral indenters and close to 20 % for the central indenter. Although it is possible to improve the accuracy of the results by using a finer mesh in the FEM, the calculations will become excessively time consuming.
The TIM was also compared to the measured data for this configuration (elastic half-space, seven rigid spherical indenters) in the work of Cesbron et al.
[41]. The differences between experiments and numerical results were below 10 %.
The indentation of a viscoelastic half-space by seven rigid spherical-ended cylindrical indenters
This configuration is composed of seven identical rigid spherical-ended cylindrical indenters of the type shown in Fig. 3 (b) of radius R = 10 mm and base radius a. We consider two cases with the different values of base radius a = 2.5 mm and a = 3.5 mm. Spherical-ended cylindrical indenters are used to get large and close contact areas. For the spherical case when the radius R is large the contact areas are also large but not close. The coordinates of the tips of the indenters are the same as relations (22) with replacement of R by a. Thus, the configuration with a = 2.5 mm correspond to closer cases. The distribution of the pressure p(x, y, t) and the pressure p(0, y, t) obtained with Algorithm 2 for a = 2.5 mm, t = 1 s are represented in Fig In Fig. 15 the dependence of forces versus the penetration is illustrated. Also here, as for the spherical case, hysteresis is observed in the force-penetration curve as viscoelastic substance loses energy when a load is increasing, then decreasing.
The distribution of the pressure p(x, y, t) and the pressure p(x, 0.56x, t) (the pressure distribution along a diagonal line) for t = 1 s are represented in Fig. 16 with n τ = 401, n x = n y = 421. The maximum pressure for each contact area is concentrated at the boundaries of contact areas and the value of pressure for the peripheral indenter is higher than for the central indenter. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65
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